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O Abstract 

i^H We prove that for a torus homeomorphism with a hft whose rotation 

set is an interval, then either every rational point in the rotation set is 
realized by a periodic orbit, or the dynamics is annular. In the latter case 
we give a qualitative description of the dynamics. 
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1 Introduction. 



In |Poi52j ■ Poincare defined the rotation number for circle liomeomorphisms, 
and he showed it to be a topological invariant carrying dynamical information. 
For a circle homeomorphism / with a lift / : R — )■ R, the rotation number of 
/, denoted p{f), is rational if an only if / has periodic points, and is irrational 
if and only if there exists a model for the dynamics of /, in the sense that / is 
semi-conjugate to the irrational rotation x t-^ x + p{f) mod 1. 

In |MZ89j Misiurewicz and Ziemian generalize the concept of the rotation 
number for homeomorphisms of T", for any n €E N. For a torus homeomorphism 
/ : T" — T", the rotation set of some lift / : R" R", denoted is defined 
as the set of accumulation points of sequences of the form 



mi 



where — > oo and Xi E R^. The set p{f) is a compact subset of R", and in the 
case n = 2 it is also convex. In |MZ89| . and in many other subsequent articles 
it is studied the relation between the rotation set a nd th e dynamics of / (see 



for example |MZ91| . |LM91| . |Fra88j . |Fra89| . |KK08| . |J09] . etc.). A lot more is 
known in the case that n = 2 thanks to the theory of surface homeomorphisms, 
like Brouwer theory, Thurston's classification theory, etc. For this reason, we 
will restrict ourselves to the case n = 2. 

A basic question, making an analogy with the theory of the circle, is whether 
there are periodic points associated to points with rational coordinates in p{f). 
For a point v G /o(/)nQ^, expressed in the form v — {pi/q,P2/<l) with gcd(pi,p2, q) 
1, we say that v is realized by a periodic orbit of / if there exists x G R^ such 
that 

/«(x)=X+(pi,p2). 

This problem has been extensively studied. For example, in |Fra88| . Franks 
proved that rational extremal points in the rotation set are realized by periodic 
orbits, and in [FFa89j he proved that rational points in the interioij^ of the 
rotation set are also realized by periodic orbits. In the case that p{f) is an 
interval, it is not true that rational points are always realized by periodic orbits. 
However, in Fra95 and [KK08 , are given sufficient conditions under which, if 
p{f) is an interval, every rational point in p{f) is realized by a periodic orbit. 

A second basic question is whether there are dynamical models associated 
to certain rotation sets. Unfortunately, this is not always the case. An example 
of this are the pseudo-rotations, that is, homeomorphisms whose rotation set is 
reduced to a single point, called rotation vector. There are examples of pseudo- 
rotations with the same rotation vector, but with very different behavior. The 
simplest example of a pseudo-rotation is a translation T„ : x x + v mod Z^. 
Unlike the case of the circle, one may have that the deviations 

D{x, n) = — x ~ nv\ 



^with respect to the topology of R^. 
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are unbounded, and this allows to create examples of pseudorotations with 
exotic properties, like Lebesgue weak- mixing |Fay02| , topological expansive-type 
properties |KK09j . etc. Therefore, in the case that the rotation set is reduced 
to a point, there seems not to be models for the dynamics associated to the 
rotation set. 

In this work, we study the case that the rotation set is an interval. Suppose 
that / is a torus homeomorphism with a lift / : — > whose rotation set is 
an interval of the form {0} x /, with € int / (the simplest example of such a 
homeomorphism is the twist {x,y) i-> {x,y + sm{2Trx)) mod Z^). As above, we 
could wonder if the horizontal deviations 

Di{x,n) = |r(x)i-a;i| 

can be unbounded, and in this way construct examples with qualitatively differ- 
ent dynamics. We will show that if p{f) = {0} x /, then, either every rational 
point in p(/) is realized by a periodic orbit, or deviations Di(x, n) are uniformly 
bounded in x and n. With this, we will obtain the following, for the case that 
p{f) is any interval: 

If p(f) is an interval, then either every rational point in p{f) is realized by a 
periodic orbit, or there exists a 'model' for the dynamics. 

A precise meaning of a 'model' for the dynamics is given in Theorems A 
and B. The simplest example of a homeomorphism with rational points in the 
rotation set not realized by a periodic orbit is a skew product / of a Morse-Smale 
circle homeomorphism (with fixed points), and a twist torus homeomorphism, as 
illustrated in Fig. [l^. This example has a lift / : R^ — ^ R^ with p{f) = [— tt, tt], 
and any rational point contained in p{f) is not realized by a periodic orbit, since 
/ has no periodic points. 




Figure 1: (a) f{x,y) — {ip (x), y + tt sm{27rx)), with ip : ^ Morse-Smale. 
(b) a tentative to obtain unbounded horizontal displacements Di{x,n). 

One could try to modify this example, replacing the two invariant circles 
Ci and C2 by two non-connected invariant sets Ki and K2, so that orbits can 
pass through in hopes to obtain unbounded horizontal displacements Di{x,n), 
but still having p{f ) — {0} x / (see Fig. ^p). However, we will see that this is 
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not possible; indeed, our main theorem implies that such a modification always 
leads to max |pr;^(/9(/))| > 0. 

In Theorem A we deal with the particular case that p{f) is a vertical interval 
containing the origin in its interior, and the origin is not realized by a periodic 
orbit, and in Theorem B we deal with the case that p{f) is a general interval. In 
Theorem A we prove that the horizontal displacements Di{x,n) are uniformly 
bounded, and to prove this we will show there exists an invariant vertical 'wall', 
that is, an invariant annular, essential and vertical set for /. By an annular set 
we mean a nested intersection of compact annuli Ai C T"^, and by essential and 
vertical we mean that the annuli Ai are homotopic to the annulus {x G : 
< xi < 1/2}. This 'wall' will also have the property of being a semi-attractor, 
which we now define: 

Definition 1.1. An invariant, essential, annular set A C is a semi-attractor 
if there exist two simple, closed, essential curves 71,72 C such that: 

• (^{x, f) d A for all a; G 71, and 

• either U!{y, f)cA for all y G 72 or a{y, f)cA for all y G 72 

We say that a curve 7 C is free forever for / if /"(7) n 7 = for all 
n G Z. A closed curve 7 C is vertical if it is homotopic to a straight vertical 
circle. Also, if 71,72 C are vertical and disjoint curves, [71,72] C denotes 
the closed annulus whose 'left' border component is 71 and whose 'right' border 
component is 72 (for precise definitions see Section [2|. 

We now state our main theorem. 

Tiieorem A. Let f be a homeomorphism o/T^ homotopic to the identity with 
a lift / : — > such that: 

• Pif) — {0} X /, where I is a non- degenerate interval containing in its 
interior, and 

• (0, 0) G p{f) is not realized by a periodic orbit. 

There exists a non-empty finite family {^ij^^g of curves in which are simple, 
closed, vertical, pairwise dijoint and essential, and with the following properties. 



1. at least one of the sets 0; is an annular, essential, f -invariant set which 
is a semi-attractor, 

2. the curves Iq,Ii, . . . , Ir^i are free forever for f , 

3. there is e > such that p{Qi, f) is contained either in {0} x (e, 00), or in 
{0} X (—03, — e), and 



If 




for i G Z/rZ, 



nez 



then, 
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Figure 2: The sets and the curves li. At least one of the 8^ must be annular 
and essential. 



I n{f) C UOi, (see Fig. [|). 



For a definition of the rotation sets p{Oi, f) see Section 3.1 In Theorem A, 
the curves h decompose the dynamics in a way similar to a filtration. If a point, 
under iteration by /, leaves an annulus it never enters that annulus 

again, and if a point enters an annulus [U^, ho+i] containing an essential set 8^^, 
then it remains in that annulus forever. 

As a corollary of Theorem A we will obtain the following theorem, dealing 
with the case that the rotation set is a general interval. 

Theorem B. Let f : — > be a homeomorphism homotopic to the identity 
with a lift f : — > whose rotation set is an interval. 

Then, either every rational point in the rotation set is realized by a periodic 
orbit, or there is fc e N such that is topologically conjugate to a homeomor- 
phism within the hypotheses of theorem A. In the latter case: 

• there exists a simple, closed, essential curve in that is free forever for 
f , and 

• there exists an annular, essential set in that is periodic for f . 

Remark 1.2. In Theorem A from |KK08j it is proved that, if p{f ) is an interval 
and there is a rational point in p{f) that is not realized by a periodic orbit, then 
for all n e N there is a simple, closed, essential curve disjoint from its first n 
iterates. Theorem A in this article generalizes that result, showing that there 
is actually a (simple, closed, essential) curve that is free forever. 

We do not know if the property of the displacements Di{x,n) being uni- 
formly bounded is also present in the case that all the rational points in the 
rotation set are realized by periodic orbits: 

Question 1.3. // / : is a homeomorphism with a lift f : R^ — > R^ 

such that p{f) is an interval of the form {0}x/, then, are the deviations Di(x, n) 
uniformly bounded? 
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This work is organized as follows. In section [3] we introduce the preliminary 
theory used in the proof of Theorem A, which is mainly the following: the rota- 
tion set for homeomorphisms of and some results related to it, the Brouwer 
theory for planar homeomorphisms developed by Patrice Le Calvez, and Atkin- 
son's Lemma from ergodic theory. In section [4] we prove Theorem B assuming 
Theorem A. The proof of Theorem A is divided in sections [5] and |6] 

Acknowledgements. This work is a Ph.D. thesis under the supervision of 
A. Koropecki and E. Pujals. I thank A. Koropecki for proposing me to study 
this problem, for many hours of discussions, for important ideas and simplifying 
many proofs. I also thank E. Pujals for key comments and ideas that led to main 
constructions and proofs, and for his constant support and encouragement. I am 
grateful to B. Fayad for his hospitality during a visit to the Universite Paris VII 
and for insightful conversations, and P. Le Calvez also for important comments. 

2 Notations. 

By pr]^,pr2 : — ?> R, we will denote the projections to the first and second 
coordinate, respectively. Also, if x E R^, xi and X2 will denote pri{x) and 
pr2(a:), respectively. 

For a set A C R, the diameter of A is diam(A) = ^''J^PxyeA \^ ~ ul- For 
A C R^, the horizontal diameter of A is diami(yl) = diam(pr]^(A)), and the 
vertical diameter of A is diam2(A) = diam(pr2(A)). 

For a set A C R^ and x G R^, denote d{x, A) = infyg^ \y — x\. For x G R^ 
and r > 0, denote Br{x) = {y G R^ : \y — x\ < r}, and for A C R^, denote 
Br{A) = {x G R2 : d{x,A) < r}. 

For the circle 5^ — R/Z, and the two-torus = R^/Z^, denote by 7r,7r' 
and tt" the canonical projections 

R^ARxS-i^T^, and tt' = tt" o vr. 

We will denote also by d{-, ■) the metric in or in R x induced by the 
euclidean metric in R^. 

Define Ti,T2 : R^ — R^ to be the translations Ti : {xi,X2) ^ {xi + 1,X2), 
T2 '■ {xi,X2) ^ {xi,X2 + 1). Also, Ti and T2 will denote the translations in 
R X S^, Ti : {xi,X2) I— {xi + 1, X2), and T2 : (xi, X2) '-^ {xi, X2 + 1 mod 1). 

By a curve 7 : / — > R^, depending on the context, we mean either 7 or 
Im(7) C R^. By an arc, we mean a compact curve, and if a is an arc, a 
denotes the curve a without its endpoints. 

A line ^ is a proper embedding of ^ : R — R^. By Shoenflies' Theorem 
( |Cai51j ). given a line i there exists an orientation preserving homeomorphism 
h of R^ such that h o lit) — (0,i), for all i G R. Then, the open half-plane 
h~^{{Q, 00) X R) is independent of ft., and we call it the right of I, and denote it 
by R{€). Analogously, we define L{t) = h~^{{—oo,Q) x R) the open half-plane 
to the left of t. The sets R{t) and L{1) denote the closures of R{t) and L{t)^ 
resp. 
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By we will mean £ C L(f ). 

A closed curve 7 in or in R x is essential if it is not homotopic to a 
point, and we say that 7 is vertical if 7 is freely homotopic to a curve of the 
form c/3, where c € {1, -1} and = (0,t). 

A curve 7 in (or inRxS'i) is free for / : ^ (/ : RxS'^ RxS^) 
if it is simple and closed, and 7(7) 7 = 0, and we say it is free forever for / 
if 7 is disjoint from all its iterates by /. 

_ If £,J' are two lines in R^, we define )_= Ri£) n L{£'), aiid [£,£'] = 
R{£) n L{£). Similarly we define {£,£'] = R{£) n 1(f) and [£,£') = R{£) n L{£'). 
If 7 and 7' are two disjoint, simple, closed and vertical curves in T^, we define 
the topological annuh (7,7') C and [7,7'] C in the following way. Let 
7 C R^ be any lift of 7, and let 7' be the first lift of 7' to the right of 7, that 
is, 7' is the lift of 7' with 7^7'^ ^'1(7). Orient 7 and 7' as going upwards. 
Define then (7,7') = "■'((7:7')) ^'^d [7,7'] = 7r'([7', 7']). In a similar way, if 
7 and 7' are disjoint, simple, closed and vertical curves in R x S"^, we define 
(7,7') c R X S-i and [7,7'] c R x 5^. 

Let M be either or in R x S"^. A topological (open or closed) annulus 
B contained in M is essential if the inclusion B ^ M induces a non trivial 
map 71"! (i?) — 7ri(M). A set A C M is annular if it is a nested intersection 
of topological compact annuli Ai. An annular set is said to be essential if the 
Ai are essential annuli, and A is called vertical if the Ai are homotopic to the 
vertical annulus {0 < .t < 1/2} x C T^. 

For a map f : X X, where X is any metric space, we define an e-chain 
for / as a set C X such that d{xi+i, fi^i)) < £ ^or all io < i < ii- An 

e-chain {xiYjL^ is periodic if = Xi^. A point a; e AT is chain recurrent for 
/ if for all e > there exists a periodic e-chain {a;i}"^Q for / with xq = Xn = x. 
The chain recurrent set, denoted by CR{f), is the set of chain recurrent 
points for /. 

3 Preliminaries. 

3.1 The rotation set. 

Denote by IIomeo(T^) the set of homeomorphisms of T^, and by IIomeo*(T^) 
the elements of Homeo(T^) which are homotopic to the identity. Let / € 
Homeo*(T2) and let / : R^ ^ R^ be a hft of /. 

Definition 3.1 f [MZ89j ). The rotation set of f is defined as 

m— 1 \n—m ^ ^ / 

The rotation set of a point x € is defined by 
p{xj)^ fl cl 

m— 1 



r{x)-x 



: n > m 
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If the above set consists of a single point v S , we call v the rotation vector 
of X. If A C is a compact /-invariant set, we define the rotation set of A as 

p(A,/)= n clflj V-^^^ : xe7r'-i(A)|] CR^ 

m—1 \n—m ^ ^ / 

Remark 3,2. It is easy to see that for integers n,mi,m2, 

p{TrTrr)^np{f) + {m^,m^). 

Then, the rotation set of any other lift of / is an integer translate of and 
we can talk of the 'rotation set of /' if we keep in mind that it is defined modulo 

Theorem 3.3 f |MZ89p . Let / : T^ ^ T^ he a homeomorphism, let A C T^ be 
a compact f -invariant set, and let f : R^ — > R^ be a lift of f . Then: 

• The set p(A, /) is compact. 

• The set p{f) is compact and convex, and every extremal point of p{f) is 
the rotation vector of some point. 

Given A £ GL(2, Z), we denote by A the homeomorphism of T^ lifted by A. 
If e Homeo(T2), there is a unique A G GL(2, Z) such that for every lift h of 
h, the map h — A is bounded (in fact, Z^-periodic). Then h is isotopic to A. 

Lemma 3.4. Let f e Homeo^{T^), A e GL(2, Z) and h G IIomeo(T^) isotopic 
to A. Let f and h be lifts of f and h to R^. Then 

p{hfh-^)^Ap{f). 

In particular, p{AfA^^) ~ Ap{f). 

For a proof of this lemma, see for example |KK08| . 

Remark 3.5. If p{f) is segment of rational slope, there exists A £ GL(2, Z) 
such that Ap{f) is a vertical segment. Indeed, if p{f) is a segment of slope p/q 
(with p and q coprime integers), we can find x,y G Z such that px + qy = 1, 
and letting 




we have that det(A) = 1, and since A{q,p) — (0, 1), Ap{f) is vertical. 

3.1.1 The rotation set and periodic orbits. 

Recall that we say that a rational point [pi/ q^P2l l) G p{f) (with gcd(pi,p2, <?) = 
1) is realized by a periodic orbit if there exists x G R^ such that 

r(x)=X+(pi,P2). 

We mention the following realization results. 
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Theorem 3.6 ( |Fra88j ) . If a rational point of p{f) is extremal, then it is realized 
by a periodic orbit. 

Theorem 3.7 ( |Fra89| ) . Any rational point in the interior of p{f) is realized 
by a periodic orbit. 

The following theorem is stated for diffemorphisms in |Cal91| . p. 106, but 
its proof remains valid for homeomorphisms using the results in [CalOSj (see p. 
9 of that article). 

Theorem 3.8. // a rational point belongs to a line of irrational slope which 
bounds a closed half-plane that contains p{f), then this point is realized by a 
periodic orbit. 

3.1.2 The rotation set and invariant measures. 

For a compact /-invariant set A C T'^, we denote by ^A^{K) the family of /- 
invariant probability measures with support in A, and M.j = M.j{'T^). Define 
the displacement function : T^ — > by 

= f{x) ~ x, for X e Tx'^^{x). 

This is well defined, as any two preimages of x by the projection tt' : T^ 
differ by an element of Z^, and / is Z^-periodic. Now, for /i G A^j, we define 
the rotation vector of [i as 

Then, we define the sets 

/)„e.(A,/) = : MeX;(A)}, 

and 

perg{K f) = ■ IS ergodic for / and supp(,u) C a| . 

When A = T^ we simply write Pmes{f) and p^rgif). 
Proposition 3.9 f |MZ89j ). It holds the following: 

P{I) = Prnesif) = C0nv(per(, (/) ) ■ 

When A is a proper (compact, invariant) subset of T^, the set p(A, /) is not 
necessarily convex. However, we have the following. 

Proposition 3.10. It holds 

COnvp(A, /) = Prnesi^, /), 

and therefore, if v E R^ is an extremal point of com/ p{A, f) , there exists an 
ergodic measure p for f with p{p, f) = v. 
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Proof. We first observe that Pmes(A, /) is convex. To see this, let ri,r2 S 
pmes{^,f), and let Ati,M2 G Mj{A) be such that p{fii,f) = ri andp(^2,/) = ?'2- 
The set M j{A) is convex, and then for all t G [0, 1], tpi + (1 — t)ii2 belongs to 
Mf{A). Also, for t e [0,1], 

t • ri + (1 - t)r2 / d^ii + (1 - / <pdp.2 = 



= / + (1 - t)A*2) = + (1 - 0M2, /), 



and then tri + (1 — t)r2 G pmesiA, /). Therefore pmes(A, /) is convex. 

Thus, to prove the inclusion conv(/5(A, /)) C Pmes{A, f) it suffices to prove 
that p(A, /) C pmes{A, /). Let v e /9(A, /). There exists then a sequence {a;„}„ 
in 7r'~^(A) and a sequence of natural numbers {m„}„ such that 

lim — V. 

n nin 

Define a sequence of probability measures by 

„ _ '>x„ + '5/(a;„) H h (?/^.„-l(^„) 

and let fi be an accumulation point of {(5„}„ in the space M j(A) of Borel 

probability measures in A, equipped with the weak-* topology. Then, is /- 
invariant. Choosing a subsequence, we can assume that (5„ — >■ Then 



p{p, f) = lim / (f>d{Sn) = lim 
"7 " 



= V, 



and therefore p(A, /) C p,nes{A, /). 

Now we prove the inclusion Pmes{A, f) C conv(/9(A, /)). As Pmes(A, /) is 
convex, it suffices to show that the extremal points of pmesiA, f) are contained 
in conv(/9(A, /)). Actually, we will show that the extremal points of pmes{A, /) 
are contained in p{A,f). 

Consider the vector space C(T^) of continuous maps from to R, and 
consider the dual vector space C"(T^) of C(T^), that is, the space of linear 
functionals from C(T^) to R. We know that C"(T^) is isomorphic to the vector 
space A^s(T^) of signed measures in (see for example [Fol84j ) . Consider the 
linear map : A^s(T^) R^ given by 

Lfip) = J (t>dp. 

The map is linear, and 

Lj{Mf{Aj)^p„,es{AJ). 
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Let w be an extremal point of pmes{^, /)• We show now that there is x G A 
such that p{x, /) = w. Recall the following fact from convex analysis: if T : 
El — >■ i?2 is a linear map between vector spaces, and C C -Bi is convex, then 
T(C) is a convex subset of E2 and for any extremal point v G T{C), the set 
T~-^{v) C C contains an extremal point of C (see for ex. |Roc97p . As Lj is 
linear and the sets M j{A) and pmes{A, /) are convex, we have that the preimage 
by of the extremal point w contains an extremal point of A^j(A), that is, 

an ergodic measure p for / with support in A. By Birkhoff's Theorem, there 
exists X e supp(/i) C A such that 

[ cPdp = \im- J2 <I^Cn^)) = lim = p{x, /). 

/ n n ^ — ' n n 

•' i=0 

As w = Lj{p) = J (pdp,, we have that p{x,f) = w, as desired. With this we 
have that the set of extremal points of pmes(A, /) is contained in p(A, /), and 
as mentioned above, this gives us the inclusion 

p„es(A,/) C conv(p(A,/)). 

Then Pmes(A, /) = conv(p(A, /)), and this finishes the proof of the first claim 
of the proposition. 

For the second claim, let w be an extremal point of conv p{A, f) = pmes (A, /) . 
Then, just notice that we proved that the set L'j^{w) contains an ergodic mea- 
sure p, such that p{p, f) = Lj{p) = w, as desired. This finishes the proof of 
the lemma. ■ 

3.2 Brouwer Theory. 

In |Brol2 l. Brouwer proved the following theorem for homeomorphisms of the 
plane, known as the Brouwer Translation Theorem: 

Theorem 3.11. Let h he a homeomorphism 0/ without fixed points. Then: 

1. For all point x G there exists a line I passing through x such that 

£^h{£) and h-^{e)^£. 

2. There exists a cover o/R^ by open invariant disks where h is conjugate to 
a translation. 

A line satisfying item (1) is called a Brouwer line for h. By item (2) we 
have that h has no periodic points, and moreover, every point is wandering 
for h. The proofs of this theorem use the Brouwer Translation Lemma, which 
states that if a homeomorphism of the plane has no fixed points, then it has 
no periodic points. In |Fra88j Franks proved the following stronger property of 
non-recurrence: 
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Theorem 3.12 (Franks' Lemma). Let h : 'R? — ^ be a homeomorphism. If 
there exist a sequence (Ui)i^z/nZ of pairwise disjoint open disks and a sequence 
of integers {mi)i^z/nZ such that 

(C/,) n U^+i ^ for all i e Z/nZ, 

then h has a fixed point. 

As a corollary one obtains the following. 

Theorem 3.13 f jFraSQQ . Let h be an orientation preserving homeomorphism 
of the plane, without fixed points and which is the lift of a homeomorphism of 
T^. Then, there exists e > such that there are no periodic e-chains for h. 

In |Cal04l . Le Calvez showed the following remarkable and much stronger 
version of the Brouwer Translation Theorem. 

Theorem 3.14. Let h be a plane homeomorphism without fixed points. There 
exists a topological oriented foliation T of the plane such that each leaf of T is 
a Brouwer line for h. 



Then, in ICalOSj it is proved the following improvement of Theorem 3.14 



Theorem 3.15. Let M be a surface and {Ht)te[o.i] isotopy in M joining the 
identity to a homeomorphism f . For all z ^ M we define the arc 7^ : i i— )■ Ht{z). 
We suppose that f does not have any contractible fixed point z, that is, a fixed 
point z such that 7^ is a closed curve homotopic to a point. Then there exists 
an oriented topological foliation in M and for all z & M an arc positively 
transverse to J- joining z to f(z) that is homotopic with fixed extremes to the 
arc jz- 



In |Cal05| . as an application of Theorem 3.15 it is proved the following 
Theorem. The statement in [CalOSj (Theorem 9.1) is for orbits, instead of e- 
chains as it is stated here. However, the result is easily adaptable for the case of 
e-chains (see Proposition 8.2 in that article). We include a sketch of the proof. 

Theorem 3.16. Let f : T^ — >■ T^ be a homeomorphism isotopic to the identity 
without contractible fixed points. Fix an isotopy {Ht)t&[o,i] in between f and 
the identity, and let T be the foliation 0/ T^ transverse to {Ht)t^[o^i] given by 
Theorem 3.15 Let (i?t)te[o,i] isotopy in which is the lift of (Ht) and 

satisfies Hq = Id, and let f : R^ R^ be the lift of f given by f = Hi . Let T 
be the lift of T to R x . 

There exists e > such that, i/i, y e R x 5^, are points with lifts x,y E R^ 
and: 

• there is an e-chain for f from x to x + (0, m) for some m S N, and 

• there is an e-chain for f from y to y + (0, —n) for some n G N, 



12 



then there exists a compact leaf I £ T which is an essential curve that separates 
X from y (that is, x and y belong to different connected components ofRxS^Xl). 
In particular x ^ ij. 

Sketch of the Proof. Let F : R x 5*1 -> R x 5^ be the lift of / such that 
F o TT = TT o /. Let {Ht)te[o,i] be the isotopy in R x S*^ between F and the 



identity which is the hft of the isotopy {F[t)telo,i]- By Theorem 3.15 for every 
X G R x S*^ there exists an arc which is positively transverse to J^, joins x to 
F{x) and is homotopic with fixed extremes to the arc 7^ Ht{x). By this, 
one can easily see that, for any x € x there exists e > such that any 
point z in B^(x) can be joined to any point z' in B^{F{x)) by an arc which is 
positively transverse to and homotopic to an arc of the form ^zx1x1f(x)z' , 
where joins z to a; in B^{x) and Jf(x)z' joins F{x) to z' in B^{F{x)), and 
where the product of two arcs stands for their concatenation. 

As F is the lift of the homeomorphism / : ^ T^, and as is compact, 
there exists r/ > such that for any point x G Hx , any point in Bjj (i) can be 
joined to any point in Br,{F{x)) by an arc positively transverse to J" as above. 
Also, by the continuity of F, there is < e < 77 such that for any x S R x S*-*^ , if 
{xi}?=o is a periodic e-chain for F with then Xn-i G Brf{F~'^{x)). 

Suppose then that there are i, y G R x 5^ with lifts x, y G R^ such that 
there is an e-chain {xi}^J^Q for / with xq = x and x„j — x + (0,m) for some 
m G N, and an e-chain {?/i}"^Q for / with yo — y and yn^ — y + {0, —n) for some 
n G N. Then, we can construct a sequence of arcs (7n)"Li positively transverse 
to J-, and such that: 

• 71 joins xo to /(xo), 

• 7i joins /(xi_2) to /(xi_i) for 2 < i < ni - 2, 

• 7ni-i joins /(x„i_3) to /"i(x+ (0,™)), and 

• joins f^^{x + (0, to)) to x -|- (0, to). 

Then, letting 7 — n"Jj]^7i, we have that 7 is an arc positively transverse to 
J- joining x to x -f (0, to). 

Analogously, we construct an arc /3 positively transverse to J- and joining 
y to y + (0, — n). In |Cal05j it is proved that 7 and /? project to disjoint (not 
necessarily simple) loops 7, and /3 in Rx S"^, and there is a connected component 
i7 of R X S*^ \ (7 U /3) which is a topological essential annulus. As 7 and /3 
are positively transverse to J^, then J- is transverse to the border of U, either 
inwards or outwards. By the Poincare Bcndixon theorem, there exists a closed 
essential leaf / contained in U. As the points x and y belong to the border of 
U, I separates x from y. ■ 

3.3 Atkinson's Lemma. 

Let T : AT — > AT be a measurable map of the metric space X, and suppose that 
T is ergodic with respect to a probability measure /i. Let (p G L^(/i). The 
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following Theorem, known as Atkinson's Lemma, tells us that there is a total 
measure subset of X such that for any point x in this set we can find infinitely 
many iterates T"(x) with both recurrence and small Birkhoff sums. 



Theorem 3.17 ( I Atk76j ) ■ Let (X,^) be a probability space, and suppose that 
fi is ergodic with respect to a measurable transformation T : X ^ X. Let 
(j) : X ^ R be a measurable function with J (j)dfj, = 0. Then, there exists a full 
measure set X C X such that for any x € X , any e > 0, and any set of positive 
measure A d X containing x, it holds that 



r"(a;) e A and 
for infinitely many values o/rt G N. 



i=0 



< e 



4 Proof of Theorem B from Theorem A. 



If p{f ) has irrational slope and contains a rational point, then by Theorem 3.8 
this point is realized by a periodic orbit. Then we are left then with the case 
that p{f) has rational slope and contains rational points. 

We will prove now that if there is a rational point v e p{ f) that is not realized 
by a periodic orbit, then there is a power of / that is topologically conjugate to 
a homeomorphism g : — satisfying the hypotheses of Theorem A; that 
is, g has a lift g : R'^ — )■ such that p{g) is a vertical interval containing the 
origin in its interior, and such that (0, 0) G p{g) is not realized by a periodic 
orbit. 

By Remark [3^ there is A e GL(2, Z) such that p{AfA^'^) = Ap{f) is a ver- 



tical segme nt, co ntaining the rational point v' = iPi/q,P2/q) given by w' = Av. 



By Remark 3^ if go = (^M"^)''', then p{go) = q'p{AfA^^), and then ^(50) 
is a vertical interval containing the point w — q'v' — {p'i,P2) G Z^. We know 

that piT-^^'^T^P'^go) - T^'^'^T-'''^ p{go), and therefore, if g - T;''''T-'p'' g^, p{g) 
is a vertical interval containing the point r^^T2^(u)) — (0,0). Let A, g and g^ 
be the homeomorphisms of lifted by A, g and g^, respectively. Then g = g^, 
and as go — {-^fA-^^Y = Af A~^ we have that g and are conjugate by A. 
It remains to see that (0, 0) e p{g) is not realized by a periodic orbit for g. As 
V G p{f) is not realized by a periodic point of /, then v' = Av € p{AfA~^) is 
not realized by a periodic point for AfA~^, and then w = q'v' G p{go) is not 
realized by a periodic point of go- Therefore (0,0) — T^^T2^{w) G p{g) is not 
realized by a periodic point of g, as we wanted. 

There is an annular, essential, set C C T^ which is periodic for /. 

As is conjugate to a homeomorphism satisfying the hypotheses of Theorem 
A, there is an annular, essential set C which is invariant for , and therefore 
periodic for /. 
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There is a simple, closed, essential curve in that is free forever 
for /• 

We saw above that / is topologically conjugate to a homeomorphism /o with a 
lift /o such that p{fo) is a vertical interval. Also, we saw that there is fc S N 
such that g = Jq has an annular, essential, vertical invariant set C, which is also 
a semi-attractor. By the fact that / is isotopic to the identity, it follows that 
/q(C) is also vertical, for every i. By Theorem A, and as C is a semi-attractor 
for g, there is an essential, vertical curve L C T^ disjoint from C, free forever 
for g and such that uj{x,g) C C for all x <E L. 

Lemma 4.1. Let m Cz N be the minimal period of C for /q. Then, either 
m — \ , or f^{C) n C = for every < i < m. 

By the fact that C is annular and essential, this lemma gives us that the 
complement of the orbit of C for /o is a union of open annuli. That is, we have 

(m — 1 \ 7n 

U foiC)] =U^- 
i=0 / i=0 

where the Ui are open, essential, vertical and pairwise disjoint annuli. The 
minimal period of each Ui is m, and L C Ui^, for some iq- Using this, we will 
prove the following. 

Lemma 4.2. There is a simple, closed, essential curve 7 contained in Ui^, such 
t/iai/J^ (7)07 = 0. 



Lemma 4.2 implies that there exists an e ssential curve that is free forever 



for /. To see this, let 7 be as in Lemma 4.2 By the fact that /™(C^jo) — 
we get that 

/r(7)n7 = foralHeZ, 

and as the minimal period of Ui^ is to, we then get that /o™^"'(7) H /o'"(7) — 
for all « £ Z and j £ {0, . . . , m — 1}. That is, 7 is free forever for /q. As /o is 
conjugate to /, there is also an essential curve that is free forever for /, as we 
wanted. 

We are left with the proofs of lemmas |4.1| and |4.2[ 



Proof of Lemma 4-1 Recall that fc e N is such that g — fg satisfies the hy- 
potheses of Theorem A, the set C is annular, vertical and invariant for g, and 
TO denotes the minimal period of C for /q. Therefore to divides k. 

We claim that, for all i e Z, /o(C) n L = 0. To see this, suppose on the 
contrary there is j such that 

i^(C7)nL^0. (1) 

As C is periodic with period to, we have that f^{C) n /g™(L) 7^ for every i, 
and therefore 

i^(C)n/^'=(L)^0 for every*. 
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This means that there is a sequence of a:„ G L such that the sequence {f^^{xn))n 
has an accumulation point in /g (C). However, the curve L was chosen such that 
uj{x,g) C C for all x & L, and we must have then that /o(C) = C, and thus, 
by 0, CnL 7^ 0. This is a contradiction, as by Theorem A we know that L is 
disjoint from C. This contradiction proves our claim. 

Now, suppose the lemma docs not hold. Then, m > 1 and there is < j < to 
such that /o(C) n C 7^ 0. Let Co C be a connected component of Tr'^^(C), 
and let /q be a lift of /q such that: 

. f^{Co)nCo^9, and 

• pYi{p{fo)) lies either strictly to the left or strictly to the right of zero 

(such a lift exists; if pr]^(p(/)) = {0} then C must be /o-invariant, and m = 1). 
Without loss of generality, suppose that pri(p(/o)) C R"*". By this, and as 
consequence of the claim we just proved, we get that if £ is a lift of L, there 
is n e Z such that /o"(Co) C L{£) and fo^\Co) C -R(£), and also i -< foil). 
Therefore, /o"(Co) n/o+^'(Co) = 0, and then Con/^ (Co) = 0, which contradicts 
the properties of /q. This contradiction finishes the proof of the lemma ■ 

In |KK08j it is proved the following lemma (Lemma 3.2 in that article). A 
vertical line in R^ is the lift of a vertical circle in T^. 

Lemma 4.3. Let h : ~> R^ be an orientation preserving homeomorphism. 
Let 77, G N and suppose that £ C R^ is a vertical Brouwer curve for /". Then, 
there is a vertical Brouwer curve I' for f . Also, if S C R^ is an open set 
containing the curves i,h{£), . . . ,h"'{i), then the curve £' can be chosen to be 
contained in S. 

We will use Lemma |4.3| in the proof of Lemma |4.2[ 



Proof of Lemma \4-S\ We recall that A: G N is such that g — /q satisfies the 
hypotheses of Theorem A, and to is the minimal period for /q of the annular 
set C. 

If f^{L)r\L = 0, then setting ^ :— L the lemma follows. Otherwise, suppose 
that fo^{L) n L 7^ 0. Let be a connected component of ^'^^{Uig), and let F 
be a hft of such that F{V) = V. Let £ C R^ be the lift of L contained in V. 
As TO divides k, foiUig) — Uig, and the curve L was chosen such that it is free 
forever for fl;. In particular, fl;{L) n i = 0. Therefore, F'=/™(£) n ^ = 0, and 



F{£)n£ ^ 0. By Lemma 4.3 there is a vertical Brouwer curve F for F contained 
in V. Let 7 = 7i''(r) C Ui„. Then 7 is a vertical circle, and /o"(7) 7 = 0, 
which concludes the proof of the Lemma ■ 



5 Proof of Theorem A, part I: construction of 
the curves /j, and items (2), (3) and (4). 

We begin by mentioning a related result for homeomorphisms of the compact 
annulus by Le Calvez. For a homeomorphism F : x [0, 1] — > 5^ x [0, 1] isotopic 
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to the identity, the rotation set of some Uft / : R x [0, 1] — > R x [0, 1] is defined 
as the set of all accumulation points of sequences of the form 



where mj — >■ oo and a;^ G R x [0,1]. In this case the rotation set /?(/) is a 
compact interval / C R (possibly degenerate). Also, if A C S'"'^ x [0,1] is a 
compact invariant set, we can define the rotation set of A, denoted p(A, /), as 
the set of all accumulation points of sequences of the form 



with rrij — oo and x £ n^^(A), where 11 : Rx [0, 1] — >■ S'^ x [0, 1] is the canonical 
projection. 

The following theorem was proven for diffeomorphisms in jCalQlj . but 
by the results of |Cal05| it is also valid for homeomorphisms (see Theorem 9.1 
in that article). 

Theorem 5.1. Let F : x [0, 1] — >■ S*^ x [0, 1] be a homeomorphism isotopic 
to the identity with a lift / : R x [0, 1] — > R x [0, 1] that has no fixed points and 
whose rotation set is an interval containing in its interior. 

Then, there exists a finite non-empty family {7^} of essential, pairwise dis- 
joint, free curves for F such that, the maximal invariant set contained between 
two consecutive curves has rotation set contained either strictly to the right or 
strictly to the left of (see Fig. 




X [0, 1] 



Figure 3: Illustration for Theorem 5.1 The free curves 71 and 72 are free for 
F. 



In Section |5.1| we will adapt this result for the torus case, and in this way 
we will construct a family of curves satisfying item (3) from Theorem A. 
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5.1 Construction of the curves satisfying item (3). 

We will prove the following. 

Proposition 5.2. Let f and f be as in Theorem A. There exists a finite family 
{^i}r=o of pairwise disjoint, simple, closed, essential curves U C such that if 
&i is the maximal invariant set of [li, U+i], then Qi is non-empty, and p{&i, f) 
is contained either in {0} x or in {0} x R^. 

Also, the family satisfies that, for any i, if p{Oi, f) C {0} x R+ then 
P(©i+i modr,/) C {0}xR~, andifp{&,,f) C {0}xR~ then p{(di+i modr,/) C 
{0} x R+. 

Remark 5.3. As the sets 6^ are compact, the sets p{Qi, f) are also compact 
(see Theorem 3.3). Therefore, the fact that p{&i, f) is contained either in {0} x 



(0,oo) or in {0} x (— oo,0) means actually that p(8i,/) is contained either in 
{0} X (e, oo) or in {0} x (— oo, — e), f or some e > and for any i. Therefore the 
family {k} given by Proposition |5.2| satisfies item (3) from Theorem A. 



Remark 5.4. By the Brouwer Translation Lemma (see Section 3.2), the hy- 
pothesis in Theorem A that (0, 0) £ p{f) is not realized by a periodic orbit is 
equivalent to the fact that / has no fixed points. Therefore all the results from 
Section [33] apply to /. 



To prove Proposition 5.2 it will be convenient to work on the lift R x S'^ of 
T^. Recall our notation for the cannonical projections: 

R2^Rx 5*1^X2, and tt' = tt" o tt. 
We will first prove the following. 

Lemma 5.5. For f and f as in Theorem A, let F : R x ^ R x be the 

lift of f such that F o n ^ t: o f . Then: 

1. CR{F) ^ 0, and CR{F) = A+ U A", where A+ and A" are closed dis- 
joint F -invariant sets such that, denoting A* = 7r"(A*) C T^, we have 
p(A+, /) C {0} X (e, oo) and p(k^ , f) C {0} x (-oo, -e), for some e > 0. 

2. There exist simple, closed, essential curves Iq ^ li ^ ■ ■ ■ 1^ — Ti{Iq) on 
R X which are free for F, and such that they 'separate ' A"*" from A^ , 
that is: 

(a) Ci?(F)nuLo^.-0, 

(b) for < i < r, the set Ai := CR{F) n {li, h+i) is compact, non-empty 
and F -invariant, 

(c) for <i < r, either A^ C A+ or A; C A^, and 

(d) if Ai C A+, then A^+i C A^, and if Ai C A^ then A^+i C A+, for 
any < i < r — 1 (see Fig. 



18 



A. 



li k+1 h+2 

Figure 4: The sets and the curves k 



Proof. First we observe the following elementary fact. There exists an isotopy 
(i?t)fg[o,i] between the identity and / with the property that if (Ht) is the lift 
of (Ht) with Hf) = Id, then Hi = /. To see this just observe that if (i/j)fg[o ij 
is any isotopy between the identity and /, and if (H^) is the lift of (i/Q with 
HI) = Id, then H[ = f + (a, b), for some a,beZ. Defining Ht = H[ + t{-a, -6), 
for t E [0, 1], we have that (Ht) is an isotopy between the identity and / wich 
projects to an isotopy (Ht) on between the identity and / with the desired 
properties. 

Now, let be the Brouwer foliation of transversal to H given by Theo- 
rem Eisl Let f be the Uft of J" to R x S"!. 



PaH 1. 

CR{F) is non-empty. Let : — >• R be given by 

= f{x)i - xi, 

where x S R^ is any lift of x, and let (pi = pvi o (j). Then 



i=0 



Let /i be any ergodic measure for /. By hypothesis, / (pidfi = /)i =0, and 
by Atkinson's Theorem 3.17 there exists a full /i-measure set X C such that 
for any i e X, x G tt'^^{x) and e > we have that 



< e, and 



xt \ < e 



for infinitely many values of n G N. This means that tt{x) is recurrent for 
and in particular CR{F) ^ 0. 

Definition of A+ and A^. As / has no fixed points by hypothesis (see 
Remark 5.4 1, by Franks' Lemma 3.13 there is ei > such that / has no periodic 
ei-chains, and by Theorem 3.16 there is £2 > such that, if there are x,y € 



R X 5^ with lifts x, ?/ G R^ such that: 
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• there is an e2-chain for / from x to x + (0, to) for some to € N, and 

• there is an e2-chain for / from y to y + (0, —n) for some n e N, 

then there exists a compact leaf of J- that separates x from y. Let eo = 
min{ei,e2}. 

We define A+ C R x S*^ as the set of points x e CR{F) such that, if x S 
7r~^(i), there exists an eo-chain {xi}"^Q for /, with xq = x and Xn ~ x + (0, to) 
for some to S N. Analogously, we define A~ C R x S*^ as the set of points 
X e CR{F) such that, ii x G tt^^{x), there exists an eo-chain {xi}f^Q for /, with 
Xq = X and Xn = X + (0, —to), for some to e N. 

A+ and A~ are non-empty. We prove that A"*" is non-empty; the case of 
A^ is similar. As p( f) is a vertical interval containing the origin in its interior. 



by Proposition 3.10 there exists an ergodic measure /i with respect to / with 
p(A')2 > 0. By Birkhoff's Theorem, there exists a set X C of full /i-measure 
such that for i G AT and x G Tr'~^{x), we have 

n „ 

/9(x,/) =lim^0(/*(i)) = / (f>dfi = pifij). 



By Atkinson's Lemma 3.17 there exists a full measure set X' C such that 
if X £ X' and x € Tr'~^{x), then for all e > there are infinitely many values of 
n > such that 



d{P{x),x) < e and 



n-l 



\r{x)i-xi\<e 



for and for infinitely many values of ?i G N. 

Let y E X n X' and y E Tr'^^{y). Then, given e > there is an increasing 
sequence of naturals {r„}„ and a sequence of integers {sn}n such that 

ir"(y)-y-(o,s„)l <e, 

and also p{y,f)2 = p(Mi/)2 > 0. Therefore lim„ s„ = oo, and in particular 
Sn > for n sufficiently large. As d{y, F^"{y)) < e, and as the choice of e > 
was arbitrary, we have that y is recurrent for F, and in particular y € C'R(F). 
Therefore y G A^, and A+ is non-empty. 

It holds CR{F) = A+ U A" . Observe that by the definition of the sets A+ 
and A^, we have that A+ U A^ C CR{F), and then we only need to prove that 
CR{F) C A+ U A^. Suppose by contradiction that there is i G CR{F) \ (A+ U 
A~). Then, by definition of A+ and A~, there exists an eo-chain for / starting 
and ending in x, that is, a periodic eo-chain for /. By definition of eo, we have 
Co ^ where ei is the constant given by Franks' Lemma |3.13[ and therefore 
that lemma implies that there is a fixed point for /, a contradiction. Therefore 
we must have CR{F) C A+ U A" as we wanted. 

The sets A+ and A^ are disjoint and closed. We will prove that 
A+ n A^ = 0. As CR{F) = A+ U A- and CR{F) is closed, this will imply 
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that A+ and A~ are closed and disjoint. Suppose by contradiction that there is 
X £ A+nA~. Let y G A+ and z G A~, be such that d{y,x) < eo/3 and d{z,x) < 
eo/3, and let {yi}^^Q, and {zi}"lo eo/3-chains for / such that yo & ■7T~^{y), 
Vm =yo + (0,TOi), zq € 7r-i(z), \zo - yo\ < 2eo/3 and z^^ = Vo + (0,-^2), for 
some mi,TO2 € N. We now show that we can concatenate integer translates of 
these chains {yi} and {zi} to get a periodic chain for /. For each < i < ni2 
define the eo/3-chain {2/;}"io fo^ / translate of {yi}]^lQ by Tg™^ that is, 

yl = Tr^yi, forO</<ni, 

and for each < j < mi, define the eo/3-chain {z^DJig for / as the translate 
of {2fe}fcio by that is, 

4 =T2™i™=-^"^Zfe, forO<A:<n2. 

Define then the eo-chain {wi}"!™^^"^™^ for / as the concatenation of the chains 
defined above, given by 

Wini+i = Vi, for < z < 1712 and < I < ni, 

Wm2ni+jn2+k = for < j < TOi and < fc < ^2, and 

Then, {wi}"^™^'*'"^™^ is a periodic eo-chain for /. By Franks' Lemma 3.13 this 
is a contradiction, and therefore there cannot be i G A+nA^. As we mentioned, 
this implies that A+ and A~ are closed and disjoint. 

Before proving that the sets A"*" and A~ are F-invariant and the last claim 
of Part 1, we will prove Part 2. 



Part 2. 

Construction of the family {liYi=o- Theorem 3.16 and by the definition 
of the sets A+ and A~, for each x G A+, y G A^, there exists a compact leaf 
I G JF that separates x from y. So, the set Fc of compact leaves of JF is not 
empty. The union of the compact leaves of a foliation of is compact (see for 
ex. |Hae62) ). and as is a lift of a foliation of T^, the set UFc is closed as a 
subset of R X S'"'^ (UJ-"c denotes the union of the elements of J-"c). Observe that, 
as the leaves of F are Brouwer lines for /, the elements of are free curves for 
F. 



Claim: CR{F) n J"c = 0- 

Let / G Fc, and without loss of generality, assume that / -< F{1). Let S := 
d{l,F{l)) > 0, and let x e I. Observe that F(R{1)) = and then 

if {xi}l^Q is any (5/2-chain with xq = x, it holds that d{xi,l) > 6/2 for all 
< i < r, and therefore x is not chain recurrent for F. As the choice of / G J-"c 
and X G I was arbitrary, wc have that CR{F) HFc — which proves our claim. 

This claim gives us that CB.(F) has an open cover W whose elements are 
the connected components of R x 5^ \ UFc, which are sets of the form {1,1'), 
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with 1,1' G J^c- By definition of the sets A+ and A , and by Theorem 3.16 we 
have tliat for any element {I, I') of W , 



either CR{F) n (/, I') c A+, or CR{F) n (/, I') c A~. 

Now, fix e J^c- The compact set CR{F) n [^*,Ti(/*)] has a finite subcover 
U" C W, of the form U" = {('21; '2i+i)}i=o^- We reindex the curves l[ in a 
way that l[ -< I'^^i for < i < 2r' — 1, and we extract from the family of 

compact leaves {^ij^Ilo"^ ^ subfamily which is minimal with respect to 

the following property: if Ir = Ti{Iq), then for each < i < r 

either ^ CR{F) n {h,k+i) c A+, or 7^ CR{F) n {k,k+i) C A". 

As a consequence we have that, if for < i < r we define 

A, = CRiF)nik,k+i), 

then, 

• Ai 7^ for all < « < r, and 

• if Aj C A+ then Aj+i C A^, and if A^ C A~ then A^+i C A+, for any 
i e Z/rZ. 

This concludes the construction of the family {Zi}i=o satisfying items (a), (c) 
and {d) from Part 2 of the lemma. We also have that A^ ^ for all < i < r, so 
to prove that {?i}i^o satisfies item (&) it remains to prove that A^ is i^-invariant, 
for each < i < r. 

For any < i < r, A^ is F-invariant. Fix i G {0, . . . ,r — 1}. First we 
prove that F{Ai) C A^. As CR{F) is F-invariant and A^ = CR(F) n 
to show that F{h.i) C A.; it suffices to show that if x € A^ then F{x) G [U, li+i). 

Suppose this is not true. Then there exists G A; such that F{xq) ^ 
Without loss of generality suppose that F{xq) G R{li+i). Then, as 
li+i is free for F we must have that U+i -< F{li^i). Let Si := d{li,F{li)) > 
0. By the continuity of F there is (^2 > such that if d{x,li) < S2, then 
F{x) G Rih) and d{F{x),li) > 6i/2. Let 5 = min{(52, 5i/2}, and let {y^}t^o be 
any (5-chain for F with yo = xq. Then d{yi,li) < S2 and then F{yi) G R{li) 
and d{F{yi),li) > Si/2. Therefore, y2 G Rih), and ^(2/2) e R{F{k)). Then 
j/3 G By induction, we get that j/„ G Rih) for all n > 2. As {2/i}i=o 

was an arbitrary i5-chain with i/q = xq, we then have that Xq is not J-chain 
recurrent, which contradicts that xq G A.; C CR{F). This contradiction gives 
us that F^xq) must be contained in and therefore F(Ai) C A^. 

Now we prove that F^^{Ai) C A^. Applying the arguments in last paragraph 
to F'^ we get that F'^{CR{F~^) n ik,k+i)) C CR{F-^) n (k,k+i), and as 
CR{F) = CR{F-^) we get that F-i(A,) c Ai. 

As the choice of i was arbitrary, we conclude that for any z, A.^ is F-invariant, 
as we wanted. This finishes the proof of Part 2. 
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Now we proceed to the remaining part of the proof of Part 1. 

The sets A+ and A~ are i^-invariant. We proved that for each i the set 
Ai is F-invariant, and contained either in A"*" or in A~. As both A+ and A~ are 
contained in UA^, we conclude that A+ and A~ are i^-invariant. 

There is e > such that p(A+,/) C {0} x (e,(X)), and p(k^ , f) C 
{0} X (— oo, — e). We will deal only with the case of p{A^ , f); the case of p(A^, /) 
is analogous. As A+ is closed and F-invariant, A* is a compact /-invariant set. 
Let v~ the lower endpoint of convp(A+, /). It suffices to prove that (u~)2 > 0. 

Suppose by contradiction that (w^)2 < 0. By Proposition 3.10 



is 



an extremal point of conv/3(A, /), there exists an ergodic measure /j, for / with 
p{pi,f) = and therefore supp(/i) C 7r"(A+). As (w^)2 < 0, then, as in the 
proof that A+ and A^ are non-empty, with the aid of Birkhoff 's Theorem and 



Atkinson's Lemma 3.17 we find a point x e supp(/i) such that 



r(x)-x-(0,-m)<eo 

for X E 7r'^^(i) and for some n G N and m £ Nq. If m > this means that 
■k{x) £ A^, and as a; G 7r'^^(supp(/.t)) and supp(/x) C 7r"(A+), we have that 
Tr{x) e 7r(7r'-i(7r"(A+))) = 7r"-i(7r"(A+)) = A+. Therefore A+nA" ^ 0, which 
is a contradiction, and then we cannot have that m > 0. If m = we have 
that X is eo-chain recurrent for /, which by the definition of eo and by Franks' 
Lemma 3.13 is a contradiction. Therefore we cannot have that (i'~)2 < 0, as 



we wanted. This finishes the proof of Part 1, and of the lemma. ■ 

Remark 5.6. The fact that the sets A^ C {kji+i) are non-empty and F- 
invariant implies the following. If ^ C is a lift of k and if £' C R^ is the lift 
of k+i such that £ ^ £' ^ Ti{i), then 



fl r {{£,£')) =7:-' fl F" D^-i(A,)^ 



nez 



\nez 



Proof of Proposition |5.^[ By construction, the curves U are lifts of leaves from 
a foliation of T^; that is, the curves k = Tr"{li) C T^ are also compact leaves 
from a foliation of T^ (and therefore pairwise disjoint). As tt" : R x S*^ — > T^ 
is a covering map, the curves U are also essential, and by the definition of tt" 
it is easy to see that they are vertical. For any < i < r, if Qi C T^ is as 
in Theorem A and A, C R x is as in Lemma 5.5 we observe that 8,- is 



5.5 



7^ 7r"(Aj) C (liJi+i) is /-invariant. 



non-empty: by item 2-{b) of Lemma 
and then n"{Ai) C 6^. 

We now prove that it holds item (3) from Theorem B; that is, p{Qi, f) is 
contained either in {0} x (0,oo) or in {0} x (— c»,0) for each i. 

Let z e {0, 1, — 1}, and suppose first that A^ C A"*", where A+ is as in 



Lemma 5.5 Then we will prove that p{&i, /) C {0} x (0, oo). Let be the lower 
endpoint of the interval conv(p(Oi, /)). To prove that p{&i, f) C {0} x (0, oo), it 
suffices then to prove that (u~)2 > 0. By contradiction, suppose that (w^)2 < 0. 

By Proposition 3.10[ we can find an ergodic measure p with support con- 
tained in Qi and with p{p, f) = . As in the proof in Lemma 5.5 that the 
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sets A+ and A are non-empty, with the use of Atkinson's Lemma we can find 
a point X e supp(/i) such that, for any e > and x € 7r'~^(ai), it holds 

|/"(a;) — a; — (0, m)| < e for some m < and n > 0. (2) 

Therefore if i e tt"^^{x) C R x S*^, a; is recurrent for F, and in particular 
X G CR{F). As i e supp(^) C X belongs to some integer translate 

of G Therefore, there is an integer translate x' of x such that x' 6 

CR{F) n = Ai. As in ([2| e > is arbitrary and to < 0, we have that 

x' £ A~, and then A^nA^ ^ 0, which contradicts our assumption that A^ C A+. 
Therefore we must have {v~)2 > 0, and this proves that p(8i, /) C {0} x (0, oo), 
as we wanted. 

Similarily, if A; C A^ we prove that p(8i, /) is contained in {0} x (— oo, 0). 



The choice of i G {0, . . . , r — 1} was arbitrary, and then by Remark 5.3 we have 
that, for each i, either p{&i, /) C {0} x (— oo, — e) or p(6i, /) C {0} x (e, oo) for 
some e > 0, and then for the family {Zi}i=o holds item (3) from Theorem A ■ 



5.2 Proof of items (2) and (4), assuming item (1). 

We recall that, in Theorem A, the sets Oi are the maximal invariant sets in 
[li,li+i] for /. Also, we recall items (1), (2) and (4) from that theorem. 

1. One of the sets 8^ is an essential, vertical, annular set. 

2. The curves li are free forever for /. 

I m) c u,e,. 

We will prove items (2) and (4) assuming it holds item (1). 



(1) ^ (2). As we suppose it holds item (1), there is iq such that 9^^ is an essen- 
tial, vertical, annular set. Let C C be a connected component of 7T'~^{ldi^). 
Then TJ'(C) = C for aU n, and TT'-^{e,„) = UnT^{C). By the fact that G.^ is 
annular, essential and vertical, C is a connected set such that R^ \ C has two 
unbounded connected components. By our hypothesis that = {0} x / we 
can easily deduce that for each n, T"(C) is /-invariant. 

Let S C R^ be the /-invariant open strip bounded by C and Ti{C). In the 
construction of the curves we saw that li is disjoint from Qj for every i and 
j. By this, by the fact that Oi^ is essential and vertical, and as the curves li 
are vertical, we have that for any i there is only one lift £i C R^ of the curve 
li which intersects S, and actually £i C S. By the invariance of S we have that 
r{£^) C S for all n and z, and then /"(^,) n T™(£,) = for every i and for 
all n € Z and to ^ 0. Also, by the construction of h, the lifts £i are Brouwer 
curves for /, and then f"{£i) Ci £i = % for every i and all n e Z. We conclude 
that P{£i) n T{"(^,) = for every and all n, to e Z. This implies that the 
curves U are free forever for /, and it holds item (2) from Theorem A. 
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(1) (4). To prove it holds item (4) we let i G \ U^Oi, and we will prove 
that X is wandering. Let x £ be a lift of x contained in the open strip S 
defined above. By the invariance of 5, we have that if i? C 5 is a ball containing 
x, then the iterates of B do not meet any integer translate of B that is outside 
S, that is, P{B) n Tm{B) = for all r 7^ and n,s G Z. Then, to get 
that X is wandering for / it suffices to show that there is an open ball B' C S 
containing x such that /"(-B') n T^iB') = for aU n > and r G Z. 

Let ii be an integer such that x G [€^^,£^^+1]. By hypothesis, x = Tr'{x) ^ 
, and then there exists no G Z such that x is contained in the open annulus 
bounded by (/""(^ii) and /"""""^(^ii). Then, x is contained in the open strip 
S" C R2 bounded by ^'>{£^,) and As the curve e,^ is a Brouwer 

curve for / (by construction of the curves k), then 

/"(5')nS" = for all n> 2. (3) 

Also, as the curve ii-^ is a lift of a vertical curve in T^, we have that if B' C S' 
is an open ball containing x then T|(i3') C S' for all j G Z. By this and by 
^ we have that f"{B') n T|(B') = for aU n > 2, and then, there is a bah 
B" C B' containing x such that /"(B") n T|(B") = for all n > 0, which by 
last paragraph implies that x = Tr'{x) is wandering for /. As i G \ Ui8i was 
arbitrary, we get that fl{f) C U^Gi, and it holds item (4) from Theorem A, as 
desired. 

6 Proof of Theorem A, part II: proof of item 
(!)• 

6.1 Strategy and outline of the proof. 

We recall that, for each i, the set 8^ is the maximal invariant set of [Z^, k+i] for 
/. Also, we recall item (1) from Theorem A: 

1. At least one from the sets O,; is an essential, vertical, annular set. 

Without loss of generality, from now on we make the following assumption: 

Assumption 6.1. The family of curves {h} constructed in section^ consists 
only of two curves Iq and h, which are straight vertical circles. 

To prove item (1) we will work in with lifts of the curves k, so we start 
by fixing a family of such lifts. 

Definition 6.2 (The curves ii). For i G Nq we define a lift it C R^ of the 
curve li mod 2 in the following way. First define Iq C R^ as any lift of Iq. Then, 
define £1 as the lift of li such that £q ^ £1 ^ Ti{£q). Then, for i — 0,1, and 
j G N we define £2j+i = T(£i (see Fig. [s]). 
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Figure 5: The curves £i. By Assumption |6. 1| they are straight hnes. 



Strategy. The proof of item (1) will be by contradiction. We will suppose 
that none of the sets Qi is essential, and we will obtain that max |pri(p(/))| > 0, 
which contradicts our hypothesis that p{f) is an interval of the form {0} x /. 

We start by noting the following. 

Claim 6.3. If none of the sets 9; is essential, then there is no € N such that 
either 



1. /""(^.)n^m ^1 

2. mi,)ne,^i^' 



for all i > 0, or 
for alH > 0. 



Proof. If there was zq such that f"-{£ig)n£ig+i = for all n G Z, then the maxi- 
mal invariant set of {iig ,iig+i) would be a connected set A such that Tr'{A) = 6^^ 
is essential. Details are left to the reader. ■ 



Therefore, if we assume that none of the sets is essential, we are in case 
1 or 2 from Claim [63] From now on, without loss of generality we will assume 
that we are in case 1: 

Assumption 6.4. There is no > such that f"°{£i) D £i+i ^ for all z > 0. 

In particular £i -< f{£i) for all i > 0. 

Basic/ideal model. We will now describe a basic model for the dynamics 



of / under Assumption 6.4 We will give some hypotheses satisfied by this 
model, and we will see that these hypotheses imply that maxpr]^(p(/)) > 0. 
Finally, we will see that these hypotheses are satisfied by any homeomorphism 
within the hypotheses of Theorem A. This will conclude the proof of item (1) 
of Theorem A. 

The hypotheses defining our basic model are the following: 
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HI In each strip [£i,£i+i] there exists a compact, connected set Ei, with the 
following property: there is A^i € N such that f^^{Ei) C (see 
Fig. |6]). Moreover, the integer A^i is independent of i, and therefore, by 
the periodicity of /, 

JN^ {T^(^E,)) C R{l,+i) for alH > and n G Z. 

The sets T^{E,) will be called rides. 

H2 In each strip [£i,£i+i] there exists a compact, connected set Fi, with the 
property that for all n > 0, /"(F,) C [£^J^+l] (see Fig. ^. By the 
periodicity of / we have that 

r{T^{Fi)) C [£^, £i+i] for aU n > and m e Z. 

The sets r^(i^i) will be called anchors. 

H3-1 The curve £0 contains an arc 70 with one endpoint contained in a ride and 
the other in an anchor, that is, 7o(0) G T'2 (-Bo) and 70(1) G T|(Fo), for 
some r,s£Z. Therefore, /^i(7o(0)) G i?(^i) and /"(7o(l)) G for 
all n>0. 

Also, there is -/V2 G N such that the image of /^^(7o) by /^^ gets 
'stretched', and it intersects the rides and anchors of the next strip [-^1,^2] 
in a 'good' way. By this we mean that /^i+^2 (^^^^ contains an arc 71 such 
that 71 C i?(4), 71 (0) G T:^{Ei), and 71 (1) G r|(Fi) for some r, s G Z 
(see Fig[7|. 

H3-n For each n G N, the curve j"-(^i+^2) (^^^^^ contains an arc 7„ that has 'good' 
intersection with the rides and anchors of the n-th strip [£n,£n+i]- That 
is, 7„ C R{£n), 7n(0) G mEn), and 7„(1) G r|(F„) for some r, s G Z. 
Therefore, /^i(7n(0)) G i?(^„+i) and /"(7n(l)) e for ah n>0. 

Also, the image of f{'jn) by /^^ gets 'stretched', and it intersects the 
rides and anchors of the next strip [£n+i, £n+2] in a 'good' way. That 
is, f^^^^^{-fn) contains an arc 7„+i such that 7„+i C R{£n), 7n+i(0) G 
T^iEn+i), and 7„+i(l) G T^iFn+i) for some r, s G Z. Observe that 
7„+i C /^^+^M7J C /(«+i)(^i+^2)(^^). 

From these hypotheses it holds in particular that ^ 0^ 

for each n G N, and therefore maxprj(p(/)) > 0. 

Now we mention two main difficulties in showing that these hypotheses hold 
for a general homeomorphism within the hypotheses of Theorem A. 

• The iterates of £9 could avoid the rides of the second strip [^1,^2]- Precisely, 
we could have in principle that {£0)^X2 (Ei) = for all n > and r G Z 
(see Fig. |8]). 

• Even if the iterates of £0 intersect the rides of every strip [£n,£n+i]i the 
necessary amount of iterates fc„ to intersect the rides of the n-th strip 
[£n,£n+i] could be such that n/kn — > as n — >■ 00, and this would not 
imply that max |pr]^(p(/))| > 0. 
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^ = maximal invariant set in 

Figure 6: The rides and anchors. 



Therefore, our main objectives now are the foUowing: 

1. Define (and prove that there exist) the rides and anchors. This wiW be 
done in Section [HSl 



2. Define good intersection of an iterate of £o with the rides and anchors of 
each strip [ti^li^i]. This wih be done in Section 6.3 



3. Prove there is uniform advance; that is, prove that there is e N such 
that for each n € N, /"^(^o) has good intersection with the rides and 
anchors of the n-th strip [^n ,^„+i]. This will be done in sections 6.3 and 



6.2 Definition of the Rides and Anchors. 

We start with a definition of a property satisfied by compact sets in R^, with 
respect to the lift h : R^ of a torus homeomorphism. 



6.2.1 Properties PR and PL. 

Definition 6.5. Let /i : ^ be a homeomorphism isotopic to the identity, 
and let /i : R^ — R^ be a lift of h. Let C C R^ compact and connected, k e R+ 
and p G R^. We say that C satisfies the property PL{fc,p) if the following hold 
(see Fig. |9]): 

1. There exist horizontal (disjoint) straight lines ri ^ r2, (oriented as going 
to the right) such that ri n C 7^ 0, r2 n C 7^ 0, and such that the strip 
(^"1, ^"2) C R^ contains a ball of radius k centered in p. 
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4 h Ti{io)=:i2 is 

□ — rides 
D = anchors 

Figure 7: Illustration of the hypothesis H3-n, for n = 1,2. 



2. The point p belongs to the (unique) connected component of (ri,r2) \ C 
which is unbounded to the left. 

Analogously, we say that C satisfies the property PR(fc,p) if it holds item (1) 
from property PL(fc,p) and p belongs to the (unique) connected component of 
('"1: '"2) \ C which is unbounded to the right. 

The following lemma will be an important tool in the proof of Theorem A. 

Lemma 6.6. Let h : — > be a homeomorphism isotopic to the identity, 
let h : be a lift of h, and for x € R^, denote by v{x) C R^ the vertical 

straight line that passes through x. There exists k > such that if a compact 
connected set C C R^ satisfies PL(/c,p) (resp. PR(fc,p)j for some p e R^, 
then h{C) n R{v{h{p))) 7^ (resp. h{C) n L{v{h{p))) ^ %, see Fig. [|). 

Proof. First observe that as h is the lift of a homeomorphism of T^, \\h — Id||g < 
00. Define k — 2\\h — Idjlp + 1. Suppose that C satisfies the property PL(/c,p) 
for some p G R^ (the case of P'R{k,p) is similar). Then there are two hor- 
izontal straight lines ri -< r2 intersecting C and such that (ri,r2) contains a 
ball of radius k centered in p, and p belongs to the connected component Ul 
of (fi,r2) \ C which is unbounded to the left. Observe that by the definition 
of k, minpr2(/i(ri)) > h{p)2 > maxpr2(/i(r2)), and then if w is the horizontal 
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□ = rides 



Figure 8: The curves /"(£o) and /™(^o), with m ^ n, do not intersect the rides 
of the strip [^1,^2]- 



straight hne passing through h(p), we have 

wc{h{n),h{r2)). (4) 

Let Ur be the connected component of (ri,r2) \ C which is unbounded to the 
right. As \\h — Idjlp < 00, h{UL) is unbounded to the left and bounded to the 
right, and also h{Uii) is unbounded to the right and bounded to the left. 

We claim that for this choice of k, we have h{C) O R(v{h{p))) 7^ 0. If this was 
not the case, then we would have that C n w+ = 0, where w+ = wCi R{v{h{p)). 
By Q, 10+ C {h{ri), h{r2)), and therefore w+ is contained in h{UR). Then h{jp) 
belongs to h{Uii), which is unbounded to the right, which contradicts the fact 
that p belongs to the connected component Ul of {ri,r2)\C which is bounded 
to the right. We must have then that h{C) D R{v{h{p))) 7^ 0, and this proves 
the lemma. ■ 

The following lemma relates the properties PL and PR and the curves £i. 

Lemma 6.7. Let i, j S N and suppose that n e Z is such that f^{£i) D £j ^ 0. 
Then, there exists a constant K > such that, if C C is a continuum 
contained in the open strip bounded by £i and £j and such that diam2(C) > K , 
then: 

• Ifi< j, then /"(C) n R{£j) ^ 0. 
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h{C) 



r2 \ ^(^(P)): 

Figure 9: Left: a set C satisfying property PL(/c,p). Right: h{C)nR{v{h{p))) ^ 



• Ifj< i, then /"(C) n L{ej) ^ 0. 

Proof. Without loss of generaUty suppose that n > 0. By Lemma |6.6| apphed 
to /" there is a constant fc > such that, if C is a continuum that satisfies the 
property PL(fc,p) (or PR(fc,p)) for some p e R^, then P{C)r]Riv{f"{p))) ^ 
(resp.,r(C)nL(i;(/"(p)))7^0). 

We treat the case i < j, the case i > j being similar. By hypothesis /"(^i) n 
£j ^ 0. Take x G f~"{ij) n £, and define K = k + 1. Suppose that C is a 
continuum contained in {£i,£j) and such that diam2(C) > K. Then there is 
s G Z such that 

((T|(x))2 - fc, {TUx))2 + fc) C pr.iC). 



As we are under Assumption 6.1 the hne ii is straight, and as C C R{ii), it 
is easy to see that C satisfies property PL(fc,x). Therefore as /"(TKa;)) G £j, 
Lemma [e^e] gives us that /"(C) n R{£j) = /"(C) n i?(w(/"(r|(a;)))) ^ 0, as we 
wanted. ■ 



6.2.2 The sets and X, 



For each i G N, we define the sets and i?^, which in some sense are the 
'stable' and 'unstable' sets (resp.) of the maximal invariant set in [£i,£i+i] for 
/. Let 

RL=r\^ (/"(^^)) ' = n and X., = U i?L 



(see Fig. 10 



By definition, the sets R^ao^-^oo and Xi are /-invariant. As we are under 
Assumption |6.4[ £i -< f{£i) for all i, and therefore we have that 



and 



R'^ = {xeli^ : /-"(x) G i?(^,) Vn > 0}, 
V^^{x&^^ : /"(x)gL(£,+i) Vn>0}, 
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Therefore, for each i, the set i?^ fl L^^ is the maximal invariant set of 

for /, and then 

Rl^ n [£i,£i+i] = {x€ [£i,ei+i] : d(/-"(a;),L;, n Rl^) ^ as n ^ oo}, 
and 

L-^ n [£i,ii+i] = {x€ [£i,£i+i] : d{r{x),Li^ nRi,)^Oasn^ oo}. 

That is, the set L^^r\[£i,£i+i] can be thought as the 'local stable set' of Rl^dL^^, 
and i?^ n [£i,£i+i] can be thought as the 'local unstable set' of i?^ fl L^. The 
following lemmas study some properties of these sets. 




Figure 10: Some examples of the sets L^, Ji^ and Xi. 

Lemma 6.8. For every i > 0: 

1. if C is a connected component of Rl^, then suppr]^(C) = +oo, 

2. if C is a connected component of L]^, then inf prj(C") = — oo, and 

3. the connected components of \ Xj are simply connected. 
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Proof. Let 5 = R x S*^ U {00} U {—00} be the two-point compactification of 
H X S^, which is homeomorphic to S'^, and let j : R x 5*^ 5 be the in- 
clusion. The curves 7T{£i) C R x 5^ are vertical circles, and then the sets 
D„ := jin(R{r {£,)))) U {00}, and D'^ := j {7: (L{f -"{£,)))) U {-00} are topo- 
logical closed discs in S, for any n and i. Observe that 

jK^D) U {-cx)} = fl D'^, 

and 

i?, :=jW^L.))U{oo}= fl A.. 

nGN 



As we are under Assumption 6.4 £i -< f{ii) for any i, and then Dn+i C £>„ for 
all n. Therefore the sets Li and Ri are nested intersections of topological closed 
discs, and thus they are compact and connected. 



5.6 



Observe that, for every i, n i?^ — n„gz/"((^i7 By Remark 

-^L n -RL 7^ and then L, n R, 0. Therefore, X, := j{X,) U {cx)} U {-00} 
is compact and connected, as it is the union of Li and Ri, which are connected 
sets with nonempty intersection. 

(1) . It suffices to show that, for x E Ri\ {00}, if Cx is the connected component 
of Ri \ {00} containing x, then 00 E Cx- For each n, let a„ be an arc contained 
in Dn, such that a„(0) = 00 and a„(l) = x. Let i? C S" be a ball that contains 
00, and does not contain x. For each n, let /3„ C Q!„ be an arc contained in 
with extremes /3n(0) G OB and /3n(l) = x. Then, take an accumulation point 
C C 5 of the sequence (/3„) in the Hausdorff topology. As /3„ C q:„ C D„, and 
as Dn C Dn-i for all n, we have that /3„ C Ufe for all k < n. Therefore C 
is contained in D„ for all n; that is, C C Ri = n„>o£'„. Also, C is compact, 
connected, contains x, and intersects 95. Therefore, the connected component 
Cx must contain C, and then C^, intersects dB. As -B was an arbitrarily small 
ball containing 00, this means that (X) G C^;, as we wanted. 

(2) . The proof is analogous to (1). 

(3) . First we will prove that the connected components of S \ Xi are simply 
connected. To see this just note that if there was a connected component Uq of 
S\Xi not simply connected, then there would exist a simple closed curve 7 C J/q 
separating two connected components of OUq, but as dUg C ATj, we would have 
that Xi is not connected, a contradiction. Then each connected component of 
S \ Xi must be simply connected. 

Now, let V be any connected component of Xf. Then j{V) C 5 is a con- 
nected component of S \ Xi, and therefore simply connected. As j : R^ — >■ 
iS* \ {00} is a homeomorphism, V must be also simply connected. ■ 

Corollary 6.9. For each i >0, the connected components of X^r]{£i,£i^i) are 
simply connected. 

Proof. It A,B C R^ are simply connected sets, it is easy to see that each 
connected component ot AClB is simply connected. Then, if U is any connected 
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component of Xf, each connected component of [/ n R{ii) is simply connected, 
and then each connected component of J7 n {£i,li+i) — U Ci R{£i) n L{£i+i) is 
simply connected. As any connected component of Xfr\ {ii,£i+i) is of the form 
Uq n for some connected component Uq of Xf, we then have that any 

connected component of Xf n is simply connected. ■ 



The following lemma is an application of Lemma |6.7| 

Lemma 6.10. There exists a constant Mq such that, for any i > 0, any con- 
nected component of R^^ nL(€i+i) has vertical diameter less than Mq, and also 
any connected component of L]^ n R{ii) has vertical diameter less than Mq. 

Proof. First we treat the case of i?^ n As we are under Assumption 



6.4 we have that / H ^ for all i > 0. By Lemma 6.7 there exists 

a constant Kq > such that if C C is a continuum contained in {£i,£i^i) 
with diam2(C) > Kq, then f-"°{C) n L{£,) ^ 0. Therefore, for any i > 0, any 
connected component Co of R^^ D L{£i^i) must have vertical diameter less than 
Kq, because otherwise /^"°(Co) would intersect L{£.i), which contradicts the 
definition of i?* . 



Analogously, by Assumption 6.4 we have that f""{£i) £i+i ^ for all 
i > 0, and by Lemma 6.7 if C C is a continuum contained in {£i,£i^i), 
with diam2(C) > Kq then /""(C) n R{£i+i) ^ 0. Therefore, for any i > 0, any 
component Cq of n R{£i) must have vertical diameter less than Kq, because 
otherwise /""(Co) would intersect R{£i+i), which contradicts the definition of 

Setting Mq = Kq, the lemma follows. ■ 

Lemma 6.11. There exists Mi > such that for any i > 0, any connected 
component of Xf D {£i,£i+i) has vertical diameter less than Mi. 

Proof. Let i > 0, and let x e L""^ n i?^. Let Ci and C2 be the connected 
components of i?^ n L{£i^i) and Ll^ n R{£i), respectively, that contain x. By 
Lemma [6.8| Ci is unbounded to the right and C2 is unbounded to the left, so 
Ci intersects £i+i and C2 intersects 4- The set C = Ci U C2 is connected and 
as it intersects both £i and £i+i, it separates {£i,£i+i), that is, {£i,£i+i) \ C 
is not connected. Also, by Lemma |6.10[ there is a constant Mq such that 
diam2(Ci) < Mq for i = 1, 2, and then diam2(C) < 2Mq. Thus, CnT|*^"(C) = 

cnT2-3^°(C) = 0. 

Now, consider the set 

The connected components of {£i,£i^i) \ A have then vertical diameter less 
than diam2(C) + SMq < 4Mo. As A <Z Xi, any connected component of Xf D 
{£i,£i+i) is contained in a connected component of {£i,£i+i) \ A, and therefore 
has diameter less than 4Mo. Therefore, making Mi :— AMq, the lemma follows. 
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6.2.3 Definition of the Rides and Anchors. 

The definition of tlie rides and ancliors will follow from the following lemma. 

Lemma 6.12 (The sets Ui and the curves ai). For each i > there exists a 
connected component Ui of Xf D and an arc Ui such that: 

• ai{l) e i?^ \ L^, and 



ai{t) eU^ forO<t<l (see Fig. 11). 



Also, there is Ni G N such that f^'^{ai) C R{ii+i) for any i>Q. 



«i(0) 




Figure 11: The sets Ui and the curves a^. In this example Ui intersects £i+i. 
In general we may have Ui n £i+i = 0. 



Definition 6.13. For i > 0, let Ui and a; be as in Lemma 6.12 For n g Z, the 

sets T2{ai) are called rides, and the sets T^(9C/i \ i?^) are called anchors. 



Observe that, if iVi is as in Lemma 6.12 a ride T^f (ai) has the property that 
/^n7^2"(«.)) C i?(£.+i). 

Also, as dUi C U i?^, we have that an anchor T^idUi \ W^) is contained 
in L^, and therefore by definition of the set L^, we have 

f^iT^idU, \ i?^)) C [e^,e^+l] for aU m > 0. 



Proof of Lemma \6.1S\ By Assumption 6.4 for each i we have that f"°^^{ii) D 
R{ii+i) ^ 0. Then there exists an arc / C f^+i such that / C L(/""+i(£i)), and 
then, by the definition of i?^. Id i?^ = 0. Also, as f^^{ii+i) C L{£i+i), then 
/ n L*^ = 0, and therefore / C Zf . 

Let Ui be the connected component of that contains /. Let J be the 
maximal open arc contained in ^^+1 n Ui that contains /, and let J be the 
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closure of J. By Lemma 6.11 J is compact, and we can give J a parametrization 
J : [0,1] — ^ ii+i, with orientation coinciding with the upwards orientation of 
4+1- We observe that J(l) ^ L^, because n ^i+i — 0, and then 

J(l)ei?J„\Lj^. (5) 

Now, as / C C and then as / C J, /""""H-^) n 

L(^,) 7^ 0. Also, as J(l) e 

/-"°-i(J(i))ei?(^.), 

and we can define t* ~ max{t e [0,1] : .f~"°~^{J{t)) e Le t r denote the 

For < i < r, 



5.1 



cardinality of the family of curves {U} constructed in Section • 
define : [0, 1] — as (any reparametrization of) f'^"'°~^oJ\[t*.i]j a-nd define 
Ui as the connected component of n {£i, £^+1) whose closure contains a^. By 
the invariance of the sets L^^ and i?^ and by ^ we have that 

a,(l) = /-""-i(j(i)) e du, n {Rl, \ LI,), 

so the second item of the lemma holds for a^. Also, as J C Xf and by the 
invariance of Xf, f-""-\J) C Xf, and in particular f^""^^{J{t*)) € Xf. 
Then 

a,(0) = r""-i(j(i*))e^AiL, 

and by definition of Ui and a^, a{t) € Ui for < t < 1, so the first and third 
items from the lemma hold for Ui and a^, and we have found, for < i < r, ai 
and Ui as required. Then, for < i < r and j € N, define Ui+jr = TfUi and 
ai = T^Ui. By the periodicity of /, items (1) to (3) hold for aj and Ui, for any 
i > 0. 

Finally, we define A^i. By the definition of the curves ai, we have that, for 
any i, 

a.dXfUR'^. 

For any point x € Xf U i?^ there exists n £ N such that /"(x) G R{gi+i) (by 
the definition of the sets Xi and ii^). Then by the compacity of each curve 
Ui C R^, for each < i < r there exists g N such that f^*{ai) C i?(^i+i). 
By definition of ai for i>r and by the periodicity of /, (a^+rn) C R{ii+rn) 
for any n > and < i < r. So taking Ni = maxo<i<r{'^i}, we have that 
f^^{ai) C R{£i+i) for any i > 0, as we wanted. ■ 



6.3 Main Lemma. 

Before stating our main lemma in the proof of item (1) from Theorem A, we 
define good intersection of an arc with the rides and anchors. We now loosely 
explain this definition. For i > let Ui be as in Lemma [6.121 We will say that a 
curve 7 has good intersection with the rides and anchors of the i-th strip [ii,£i^i] 
if 7 contains an arc 7 such that 7 is contained in a vertical integer translate of 
Ui, and such that one endpoint lies in a ride, and the other endpoint lies in an 
anchor. 
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Definition 6.14 (good intersection). Let {Ui}i>o and {ai}i>o be as in Lemma 



6.12 Let j S Nq. We say tliat a curve 7 lias good intersection with ttie rides 
and anchors of the j-th strip [£j,£j^i] if there is s S Z and an arc 7 C 7 such 
that: 



• one endpoint of 7 hcs in T| {dUj ) n , 

• the other endpoint of 7 hcs in T|(q!j), and 



i(lTiiU,)\X, (see Fig. 12) 





Figure 12: Left: good intersection. Right: not good intersection. 



Remark 6.15. Suppose that an arc 7^ has good intersection with the rides and 
anchors of the i-th strip [£i,£i^i], and let iVi be the constant given by Lemma 



6.12 Then, as 7^ has one endpoint in an anchor, and the oth er endpoint in a 
ride, the arc /^^(7i) contains an arc f3i such that (see Fig. 13): 



• one endpoint of jSi lies in an anchor, 

• the other endpoint of Pi lies in £i+i, and 

• /3,cXfn{£,,£,+i). 



Our main lemma gi ves u s a constant N2 G N such that, for any i and any 
curve Pi as in Remark 6.15 we have that f^'^{Pi) has good intersection with 



the rides and anchors of the next strip £i+2]- 

Lemma 6.16 (Main Lemma). There exists N2 > such that for any i > 0, 
and any arc /3i such that: 

• A(0) e Ll^, 

• A(l) G ^i+i, and 

. P,{t) eXfni£,J,+i) forO<t<l, 
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Figure 13: 



then f^^{fii) has good intersection with the rides and anchors of the [i + l)-th 
strip [ii+i,ii+2] (see Fig. [7^ . 

We emphasize that the constant N2 is independent of i and of the arc /3i. We 
will prove Leninia [6.16| in Section [6^ Now, we will see that the Main Lemma 
impHes item (1) of Theorem A. 




Figure 14: lUustration for Lemma [6.16| 



6.3.1 The Main Lemma implies item (1) of Theorem A. 

Assuming the Main Lemma |6.16| we prove the following. 
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Lemma 6.17. There exists N3 > such that, for each n > 0, /"^^(^o) has 
good intersection with the rides and anchors of the n-th strip [£n,in+i]- 



Proof. Let A^i and A''2 be the constants given by Lemmas |6.12[ and |6.16[ re- 
spectively, and set TVs := TVi + TV2- We proceed by induction. 

Step n = 0. It follows by the definitions that £0 bas good intersection with 
the rides and anchors of the 0-th strip [^oj^i]- 

Step n. We suppose that /^^^"~^^(^o) has good intersection with the rides 
and anchors of the {n — l)-th strip [£„_i,4i], and we will prove that /^^"(^o) 
has good intersection with the rides and anchors of the rt-th strip. 



Let {Ui} and {ai} be as in Lemma 6.12 By the definition of good inter- 
section, there exists an arc 7„_i contained in /^^'"~^^(^o) and s„_i G Z such 
that: 

• 7n-i(0) e (and therefore /J(7„_i(0)) E (^„-i,0 for all j > 0), 

• 7„-i(l) e r2""'(a„_i), and 

• 7„_i cT2'"-^(!7„_i)\X,_i. 

By Remark 6.15 the arc /^^(7n-i) contains an arc /3„_i such that: 



• /3„_i(0) lies in an anchor (and in particular, /3,i-i(0) G ^), 

• /3„_i(l) e and 

• /3„_i(i) e Xf n (inJn+i) for < i < 1. 



Therefore /3„_i is an arc satisfying the hypotheses of Lemma 6.16 and then by 
that lemma /^2(/?„_i) has good intersection with the rides and anchors of the 
n-th strip [£„,4+i] (see Fig. fl5|. As Pn-i C (^^^^ then have 

that /^3(«-i)-HWi-i-W2(^g) ^ f'^iio) has good intersection with the rides and 
anchors of the n-th strip [£n,in+i], which finishes the n-th induction step, and 
therefore the proof of the lemma. ■ 

Using this lemma, we now prove it holds item (1) from Theorem A. By 
Assumption |6 . 1 1 the curves £i are straight and vertical. Also by that assumption, 
the family {li} consists only of two curves, and then = T^{£q) for all n € N. 
Therefore, Lemma |6.17| implies that there exists a sequence of points x„ e £0 
such that /2"^^(x„) G [4„,^2«+i] = [Ti"(£o),Ti"(£i)], and then /2"^^(x„)i - 
(a^n)i > n, for all n > 0. This implies that maxpr]^(p(/)) > 0, and this finishes 
our proof by contradiction of item (1) from Theorem A. 



6.4 Proof of Main Lemma. 



We first prove some previous results (lemmas 6.18 and 6.201, and then we will 
proceed to the proof of Lemma |6.16[ 
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7n-l 




.../^H7n-l) 




^n-\-l 

Figure 15: Illustration for Lemma 6.17 The curve f^^^^'^{'^n-i) has good 



intersection with the rides and anchors of [^„,£ 



n+lj 



Lemma 6.18 will be a key step in proving there is uniformity in the advance 
to the right of the iterates of £o ■ H tells us that the points that remain under iter- 
ation by / in a strip must go either upwards or downwards uniformly. 
We recall that in Section [SJ] we proved that for the sets Qi from Theorem A, 
for each i we have either p{Qi, f) C {0} x R+ or p{Qi,f) C {0} x R~. We also 
recall that from Assumption |6.1[ the family {9^} consists only of two sets 8o 
and 6i. 



Notation. If i e Nq, for the sake of simplicity we will write p{Qi^ /), when we 
actually mean ^(9^ mod 2, /)• 

Lemma 6.18 (Uniformity Lemma). Given m > there exists N N such 
that, if: 

• i>0, 

• neZ, \n\ > N, 

• xe [IrAi+l) and r\x) e 

then: 

• Ifp{&i,f) C {0}xR+, then P{x)2-X2 > mifn> andx2-f"{x)2 > m 
if n < 0. 

• If p{Qi, f) C {0}xR^, thenx2 — f"'ix)2 > m ifn > and f"'{x)2—X2 > m 
if n <0. 
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Proof. First suppose that n > 0. By contradiction, if the lemma does not hold, 
there exist mo > 0, io > 0, and sequences {a;„}„ C {£i„,£i„+i), {sn} C Z, such 
that: 



• s„ — >■ oo as n — >■ cx), 

• /""(x,,) e (4,,^i„+i) for all n e N, 



• /'''•(2^n)2 - {xn)2 < "iQ for all 71 G N, if p{<di„,f) C {0} X R+, and 

• {xn)2 - f-'ixrdi < niQ for all n e N, if p{Q^„J) C {0} x R-. 
By now, suppose that p{Qig,f) C {0} x R+. Then, 

limsup(/'*"(a::„)2 - (a:„)2)/s„ < 0, 

n 

and there is a subsequence of {x„}„, denoted also {x„}„, such that 
lim(/'*"(a::„) - (a;„))/s„ = (0,a) 

n 

with a < 0. Define the sequence of probability measures {Sn}n in by 

„ _ '57r'(x„) + S^'Ui^^)) ^ ^ 



and let 5 be an accumulation point of {Sn}n m A4 j(T^). Then (5 is /-invariant, 
and 

p{SJ) = / (f)dS ^\im I (t)d{Sn) = lim — (/'''•(a;„) - a;„) = (0,a) 



where : is the displacement function defined in section 3.1.2 Also, as 

supp((5) is /-invariant and is contained in [/i^, Zi^+i], supp(^) must be contained 
in (because Qig is the maximal invariant set of [kg, li^+i]). This means that 
(0,a) G p{Oig,f), and this is a contradiction, as a < and we are assuming 
that pie^„J) C {0} X R+. 

In a similar way, for the cases that n < and p{Qi,f ) C {0} x R~, if we 
suppose the lemma does not hold we obtain a contradiction, and this concludes 
the proof of the lemma. ■ 

As a corollary, we get that there is a maximum amount of displacement 
downwards, if p{Qi, f) C {0} x R+, for points that remain in (^^,£^+1) under 
iteration by /. An analogous statement is obtained for the case p{Qi,f) C 
{0} X R-. 

Corollary 6.19. There exists c > such that for any i >0, and any connected 
component V of Xf D (£^,^^+1), we have that: 

• // p(e,, /) C {0} X R+, /"(F) n L{£,+i) n A- = for all n > 0, where 
is the half-plane = {x G R^ : 1/2 ^ ^2 > c for all y G V} . 
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'i+l 



V. 



4\ 



C 



L{£i+i)nA; 




Figure 16: Illustration of Corollary 6.19 for the case that p{Qi, /) C {0} x R"*" 



andp(e^+i,/) c{0}xR-. Left: The sets F and A J . Right: /"(F)nL(4+i)n 
Ar = for aU n > 0. 



If /o(e,, /) C {0} X R-, r'{V) n L{i,+i) n A+ = for all n>0, where 
is the half-plane — {x Q R^ : X2 — 3/2 > c for all y € V} (see Fig. 

'm. 



Proof. By Lemma [6. 18| there exists iVo > such that if: 

• i > 0, 

• n > Nq, and 

• X £ and /"(x) G 

then f"{x)2 -X2>0if p{e^, /) C {0} x R+, and X2 - /"(x)2 > if p(e„ /) C 
{0} X R". Let i > be such that p(6j,/) C {0} x R+. Let V be any 
connected component of X^r\{£i,£i+i). Then we have that for any x G V, either 
/"(x) e R{ii+i) or f"{x)2 > X2, for any n > Nq. Similarly, if j > is such 
that p{Qj,f ) C {0} X R~ and V is any connected component of Xjr\{ij,£j+i), 
we have that for any x' £ V' either f"{x') £ R{£j+i) or f"{x')2 < X2, for any 
n > Nq. Making c ^ No\\f — ld\\o, the lemma follows. ■ 

Now we give our second lemma before the proof of the Main Lemma |6.16[ 
It tells us that, for a curve (3 contained in satisfying the hypotheses of 



the Main Lemma 6.16 there is an iterate of /3 intersecting £i+2, and moreover. 



this iterate is independent of /? and i. 

Lemma 6.20. There exists > such that for any i > 0, and any arc Pi 
such that: 

. A(0) £ Ll,, 

• ^i(l) £ £i+i, and 

• P,{t)£Xfn{£,J,+i) forO<t<l, 
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Figure 17: Illustration for Lemma [6.20| 



then f^^{l3i) ^^+2 ^ (see Fig. 11) 



tion 



6.4 



Proof. Fix i G {0, 1}, and suppose first that p{Qi, /) C {0} x R+. By Assump- 
there is no > such that /""(^O n 4+i ^ for all i > 0. Then, by 
6771 there is a constant Ko > such that if C is a continuum contained 



Lemma 

in (4+1,^*4-2) with diam2 > Kq then /"«(C) n Ri£^+2) ^ 0. 

By Lemma [6. 1 1 1 there is Mi > such that, for any i > and any connected 
component V of n 



,£i+i), we have diam2(V^) < Mi. By Corollary 6.19 



there is c > such that for any connected component V of Xf n {£i,£i+i), and 
for any n > we have that 

r{V)nA,cR{£^+i), (6) 
Z2 ~ X2 > c, Vz e V}. By Lemma 6.18 there exists 



where = {x £ 
iVo > such that: 

• if a; e £i+2] then for all n > Nq such that /"(x) G [^2+1,^1+2] we 
have X2 - /"(a;)2 > Mi +c + Ko. 

• if ?; e [£i,£i+i] then for all n > Nq such that /"(y) G we have 

(recall that p(e„ /) C {0} x R+ and ^(6^+1,/) C {0} x R-). 

As /3,(0) e ij,^, we have /^°(ft(0)) e (^^,^^+1), and by the choice of N„, 



/'^n/3.(0))2 > A(0)2. 



(7) 



Now, either 



/^«(A(i))ei?(^,+2), 



or /^°(/3i(l)) G (^1+1,^1+2)- In this case, by the choice of iVo, and as /3i(l) S 

m)2- f''°im))2> Mi + c+Ko, (8) 
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Let Vq C be the connected component of Xf H {£i,(i+i) that contains pi. 
Then diam2(/3i) < diam2(Vb) < Mi, and by ([s]) we have that 

Then, by Q and (|8]), we have 

r°(A(0))2-/^°(ft(l))2>c + Xo. (9) 

Let Aq = {x eB? : Z2 - X2 > c^z e Vq}. Then, by Q and ^ we have that 
there is a connected component Co of n such that Cq C 

and diam2(Co) > Kq. By the choice of the constant Kq we conclude that 

Observe that the constant uq from Assumption |6 .4| is independent of i. Also, 
as the constants Kq, c and Mi are also independent of i, we have that the 
constant Nq given by Lemma 6.18| can be chosen to be independent of i. 

In a similar way we prove that if p{Qi+i, f) C {0} x R+, there is a constant 
iV^ > independent of i, such that /^o+"°(/3i) n 4+i ^ 0- Then, letting 
A'4 — max{7Vo, -/Vq} + hq we have that for any i and any arc /S^ within the 
hypotheses of the lemma, f^'^{(3i) n £^+2 7^ 0, and the lemma follows. ■ 

Now we are ready to prove Lemma |6.16| We recall the statement of the 
lemma, and the definition of good intersection of an arc with a translate of 
some Ui. 



6.12 



Definition (good intersection). Let {f/i}i>o and {ai}i>o &e o,s in Lemma 
Let j e Nq. We say that a curve 7 has good intersection with the rides and 
anchors of the j-th strip [£j,£j+i] if there is s € Z and an arc 7 C 7 such that 

• one endpoint of 7 lies in r| {dUj ) H , 

• the other endpoint of j lies in T|(ckj), and 



7CT|([/j)\^j (see Fig. 12). 



Lemma (Main Lemma 6.16). There exists N2 > such that, if i > 0, and if 
j3i is an arc such that: 



A(0) e L. 



00 ? 



• A(l) € ii+i, and 

• A(0 e n (^„^.+i) forO<t<l, 



then f^^{Pi) has good intersection with T2{Ui+i), for some s 
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Proof. Fix i £ {0, 1}. First we treat the case p{Qi, f) C {0} x R+. By Lemma 
|6.11| there exists a constant Mi such that every connected component of Xf fl 
{£i, has diameter less or equal than Mi. Le t V be the connected component 
of n that contains /3i. By Lemma 

that, if 5 C be the half-plane given by 



6.19 



there is a constant c such 



S — {x £ : 1/2 — X2 > c for any y £ V}, 



then /"(/3,) n S C R{^^+l) for aU n > 0. 
Let s g Z be such that 



By Lemma 



6.20 



T|([/,+i)c5 and T^+'{U,+i)nS' 
there is A^4 > such that f^^iPi) n £,+2 ^ 
ci = 2Afi+c + iV4||/-Id||o + l. 



Let 



By Lemma 6.18 there exists A'o > such that if x and f~'^°{x) are contained 
in (4+1,^1+2) then f^^°{x)2 - X2 > ci (recall that p{@i+i,f) C {0} x R 
particular, 



/-^°(z)2 - Z2 > ci for any z E R^^ D £(£,+2). 
As diam2(C/i+i) < Afi and by the definition of s, if z G dT2{Ui+i), 

z + {0,Mi + l) e S". 

Ify eV and z £ f^^{Pi), we have 

Z2-y2 <Mi + 7V4||/-Id||o. 



I. In 
(10) 



(11) 



(12) 



Then, by the definition of Ci , by ( 10 1, ( 11 ) and ( 12 ), we have that for any point 

zin 5T|(t/,+i)ni?jii, 



r""" {z)2 > y2 for any y £ f"' (/3,) n (£.+i, £.+2) 



(13) 



(see Fig. [18). 

Now, let Pi : [0, 00) — >• R^ be a proper embedding such that 

. /3i(0)-/^^(/3.(0)), 

• Pl{t) £ L(/^^«(£,+i)) for ah t > 0, and 

. -00 < mi{/3}{t)2 : t>0}. 

Let Pf be the arc contained in {jS,) with endpoints /^''(A(O)) and /^■» (A)(i*): 
where t^, = mm{t : f^*{(3i{t)) £ 4+2}- Let /3f : [0,oo) -> R^ be a curve con- 
tained in £i+2, starting in /^*(/3(t*)) and going upwards to infinity. Consider 
then the open unbounded disc D C R^ whose boundary is Pi U Pf U Pf (see Fig. 

fisl- 
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SnL{l,+i) 



Figure 18: If z € dTi{U^+i)nR'+\ then /"^"(z) is above /^*(A)n ^,+2) 



'2+1 




i+2 



Figure 19: Illustration of the disk D. 



Observe that D is bounded from below (that is, infpr2(-D) > —00). By 



-No 



(113|), / 
Definition 19 



€ D for any z € dT^iUi+i) n -R^ . In particular, if a^+i is as in 
then ai+i(l) S R^^ and /-^«(T|(ai+i(l))) G £», or equivalently 

r|(a,+i(i))e/^«(i?). (14) 

Note that by the definition of D, 



and then, by the definition of S" C and by the choice of the constant c. 



rNo 



(16) 



So, we see that f^°{Pf) must intersect T2{ai+i): otherwise, by (14), (151 and 
(16), f^°{D) would contain the connected set S H L{£i^i) U Tj^'Co^i+i); but this 
is not possible, because both D and f^°{D), are bounded from below. 
Observe that, as C I(4+i), /"(A) n = 0, for ah n > 0. Then, 



(17) 
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and therefore ai+i(l) ^ f^°{f3f), which imphes 

/^»(/32)nT2^(«,+i)cint(i?), 
where £; c is the set E ^ {S n L{l,+i)) U (see Fig. [20). 




h+1 

Figure 20: The set E (colored in gray). 



(18) 



Observe that by the definition of the integer s, E C S. Also, as f3f{0) € 
/^"(^KO)) € L{e,+i), and then by ^ 



f''"{l3U0))eS-ciE-. 



(19) 



So, by ([T8| and ([l9|, /^«(/3f) n 9^ 7^ 0. By ([T7|, we have 
/^"(/?2)n9i?cT2^(9C/,+i)\i?j^i. 



By this, by and as f^°{l3f) n r|(a,+i) 7^ 0, there exist < ii < t2 < 1 

such that: 

. /^''(/32(ti))er|(9C/.+i\i?Si), 

• /^°(^f(t2))er|(a.+i),and 

• f^Hl3f{t)) e T|(C/,+i) for aU < i < ia- 

This means that /^°(/3?) C f^^^^° {Pi) has good intersection with the rides 
and anchors of the {i + l)-th strip [ii+i,£i+2]- 

Now suppose that p{&i, /) C {0} x II . In this case we have that 



^00 • 



If we define 



Z2- f ^°{z)2 > ci for any z e Rl 
5" = {cc e : X2-V2>c for any y e V}, 
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and let s' e Z be such that 

Ti'{Ui+i)cS and T/-i([/i+i) n 5^ 0, 

then all the arguments above work to show that f^-i+^o (^p.'^ intersects Tl (C/j+i) 
in a good way, and f^*~^^°{0i) has good intersection with the rides and anchors 

of [ei+i,ii+2]- 

The choice of this integer A^o was made for a fixed i. So, for any i G {0, 1} we 
obtain in this way an integer Nq, such that /^*^^"(/3i) has good intersection 
with the rides and anchors of the (?' + l)-th strip [ii+i, ('-{+2]- Setting N2 = 
N4 + max {N^,N^}, by the periodicity of / we have that, for all n € Ng, 
/^^ iPn) has good intersection with the rides and anchors of the (n+ l)-th strip 
[in+i,in+2]- This concludes the proof of the lemma. ■ 
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